
LECTURE (Wedwenday , Sept . 9 , 2026)

If fri differentiable ,
then the targent like otthe ynoph of f

at (4o , 8 (ro17 has equation y = f(xd) + f '(0) (x -26)

and the expression f (no + f (s) (x-26) is a good approximation
fr f(u) when ze is close to 2.
In detail , the red live i the taugent

√live ot (4
, f(4) and for xe3 it can y=f (w) 가

be used to oppox f(u) . Indoing no, f(u) - ㆁ 与'(x )(x-x
the approximation erroris Elu)

巨 (n) = 8 (n) - [8(ω) + f
'
(w) (U_-o] flu) =

' ー
β

and the closes ii Elu) to O , the f(rs) +f'n0) (x-20)
일창

better is theopproximation ,that i the
closer is f(us) + gl(n) (K-Uo) to &(2)



Itri possible tomove that him E(r)
=o,
which means that

-

x->2 X-Ro
whenevidor to No, Els) vi. much clover to 0 thoux-1o. It is
immediate that x-to is close to 0 When si close to No, heree E(n)
in even clover tro

,
which indicates that the oppox of f (n) through

f(n) +f (n) (x-2) is a good approximation.
This viwritten as f(ai - f (xo) + fb0) (x-2s) fo a cloue tish

orfindf's(-2) for reclose fo so~

sf Ar

Affnd) An fr Spelauto O
〜

Thisopproximate aufferential
off

equality roye that the voriotien
of for a consequence of a change o themounible from

to to se in

aboutequal to f) times thechange
in
e



Exemple 8 :ReR, f(x) =r
=

-6x +5
, n0

= 4
, 8'4) =2

,
x =4

.
09

then 1f-2 .Ax z 2-0 .
09 = 0

. 18.

Thus of the independent voible changes from 4 to 4.
09

,
the

value of changes by about 0 . 18 (the true value , &(4 .03) -f(4 ,
20

. 1881)
MONOTONICITY AND DEMVATIVES

decreasing
、

DEF f : A ech (A[R) vi vid to be moustaus strictly meresmy I
for each 22,

22m A with 122 we hove f(ri < f(x2)
f(zu) > f(22)

The following theorem indicates a method to determine the monotoniently
off based on I'sdennative
THEOREM Hp : fiAtRideferentiablewithe Intervel (a , b) < A

comonotonicity) +2 : (i)Egg (2) >0 for each recla , b) ,
then Ji monotone streetly

test mnereaving vile, b)
↳
monatore strietly(ii) If f'(m)<o fr eochxE(a ,b) , thauf decreoning un (a,

b)



This theorem reveals that iti pamble to learn the monotonicity
of a differentiable function if it i possible to determine therigh of the
dennohre

Exomple f : E2, 3] + 1R , f(u)z* x"-2x" -Gu2+4 has elemivotuve

8' (m) = 6r3-Gx2-12x = Gx(r2= x -2) and -2 - 1 ㆁ ㄴ 고 3

ㅣ \ " ㅣ ㅣ

8'()10 In eachse (
-2

,-1), fristructly deer. --- - + + + + + t Gse

evrery in $-2,-1] tttt- - … . t5t xEe - 2

f'(n0 for each KE(1 ,6) , thus fristuety more
-- - ++- - - - - +++ f((x)

aring mn [-1, 0]

f'(a)0 fu each seco, 21 ,
thus firtmety drere

aring u [0 , 2]

f(m) > 0 fr each is (2 , 3)
,
thue fuctuetly
ucreomy m[2 , 3]



∞

{
DEF Greuf : At R , Lisid to
be a glded may point 91f

f(2m)z, f(x) freah KEA;L ㅣ
wis

minimum

4 f(xm) = f(x)

; ; ; √ ; maxfag (em)ii themoximum

minf zg(um) value of f

The points where the monotonicity of
- 1a -changes repoints such that

8 -23 : 20
, f-1

) = い 8 C2ュ一 に 8)20; hence the tougent line of

8 (3) = 12.5 those pointsc horizontal.

Henuexm = -2, moxf = 20 If no viruch that fl =o
, then

Xm = 2, win f = -12 4 void to bea enticalprintoff ,ー
or a stationary point



In the example of the fact to pages , <M and Tim exist, but that

is not necessarily always the case . Fr unfores
, f(x) =2

, f : -R

has no global max point nor global
min point. _
However ,

there existe a theorem

which indicatesrufficient conditions
In theexistence of XM , Km

THEOREM Hp : fita ,
b] eR ricontinuoue m [20

, b]
[Extreme
ValueTheorem) To : There existe um and there existe Im

The exponentia function in this page vidotes the assumptions

of this theorem as ite domin R= 1 - 0, +g) vimotabounded interval.
the function of the two previous proges notices the assumptions of the



EUT as its domoinci [a ,b) - [-2,
3) and fis continuous

m [2
,
3] ; undeed km and <M exist.

CONCAVE, CONVEX FUNCTIONS

DEF Given f :A-IR (Aviru interval) , fir void to
be convenie of for each two points on the graph
off the segment connecting thetwo points vientirely
hughes than the groph oncoincideswith the graph
lowet

〜 \
not receetieraionns

imfa ii
this
/



DEF If f : (9 , b)-I in differentiable mila ,
b) and f is differentiable

un (a
, b) , then i vid to be twice differentiable vile , b) and

theden, value of f'ri called second dervotive of f ,
demoted

8. "

Exomple fiRtIR , f(m) = 7ce* + 3e*, g'ml = 63x513e4, f"(x) = 504x7 + 3e

THEOREM Hp : fi AtR in twice dyfferenhoble in (a ,
b)E A

(concavity) Trili) fir concove unla
,b)) I'i monotone ancreasing

Irt unla, b) Es f"(x) =0 for eoch xE (a ,
b)

(i) fri connex in (a ,b) E) I'v monoton increasing
ni(a , b)E_) f"(x)20 for each seE(a , b).



Example J : (0 ,
to +R

, f(x) = Fluxe-tie inconcove as

8 '( 리=틀~리 ,
8µ(n )

= -
ee ho fr eves seEce , to)

g(n) =真x一
, g : [ -

1
,∞ )→ Ricorvexasgiln =光”

g"Craies,
30 trech s) -

AN IMPORTANT PROPERTY OF CONCAVE/CONVEY FUNCTIONS

Given fit- Racoex ,
the following mequality holds

f(x) >, f(nd) + f' (nd) (x- 40) fu eoch x .GA
, 200A

f(x) 1 f(n0) 6 f' (0) (x- 26) fur eoch KEA, C0EA

Then suppose to is a stationary print fr f ,
that is f'(3) =0.The

mequidity above buil down to f(a) f(x) fu each EA ,
hence m = 1

ff (x) = f(r) fur each xEA, heuxexm = 4o



Therefore minder to maximize a concore function
it

suffices to fund
astationary point, andin pos to minimize a connex function
itruffices to identity a stationary point


